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Abstract 

We are interested in Sobolev type inequalities and their relationship with 
concentration properties on higher dimensions. We consider unbounded 
spin systems on the d-dimensional lattice with interactions that increase 
slower than a quadratic. At first we assume that the one site measure 
satisfies a Modified log-Sobolev inequality with a constant uniformly on 
the boundary conditions and we determine conditions so that the infinite 
dimensional Gibbs measure satisfies a concentration as well as a Talagrand 
type inequality, similar to the ones obtained by Barthe and Roberto [B-R2] 
for the product measure. Then a Modified Log-Sobolev type concentration 
property is obtained under weaker conditions referring to the Log-Sobolev 
inequalities for the boundary free measure. 



1 Introduction. 

We focus on the Modified Logarithmic Sobolev inequality (see [G-G-Ml]) as well as 
on Log-Sobolev inequalities [G] for unbounded spin systems on the d-dimensional 
lattice with interactions that increase slower than a quadratic. We investigate two 
problems related with concentration properties. The first, presented in Section 
2, relates to the Modified Log-Sobolev inequality for the one site measure with 
boundary conditions. Suppose that the one site measure satisfies a Modified log- 
Sobolev inequality with a constant uniformly on the boundary conditions. The aim 
of this work is to determine conditions under which the infinite dimensional Gibbs 
measure satisfies a concentration inequality (Theorem 12.11) . As a consequence, a 
Talagrand type inequality is also obtained (Corollary 12 .2 j) . The second, presented 
in Section 3, is a perturbation problem that refers to the Log-Sobolev inequality 
for the boundary free one site measure. Suppose that the boundary free one site 
(non log-concave) measure satisfies a Log-Sobolev inequality. The aim here is to 
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determine conditions under which if we perturbe the measure with interactions, 
the infinite dimensional Gibbs measure of the corresponding local specification 
satisfies a concentration inequality (Theorem 13.2 j) . Here too, as a consequence, a 
Talagrand type inequality is also obtained (Corollary 13. 3p . 

The problem of concentration of measure properties for product measures that 
satisfy a Modified Log-Sobolev inequality has been recently examined (see for 
instance [G-G-Ml] and [B-R2]). In addition the problem of the stronger Log- 
Sobolev inequalities for the infinite dimensional Gibbs measure has been addressed 
(e.g. [G-Z], [O-R] and [I-P]), as well as the relationship of Logarithmic Sobolev 
inequalities with concentration properties (e.g. [B-Z] and [B-Ll]). 

In this section we present the most important notions and developments related 
to the Sobolev type inequalities and the Concentration of measure properties. 

Sobolev type inequalities. The Logarithmic Sobolev inequalities have been 
extensively investigated. For 1 < q < 2, a measure u on M. n satisfies the q Log- 
Sobolev inequality if there exists a positive constant C such that 



where Ent^(f) = a yflog-^jj and |V/| is the Euclidean length of the gradient 
V/ of the function /. The Logarithmic Sobolev inequalities where first introduced 
for q = 2 by [G] and later for 1 < q < 2 by [B-Z]. If a measure u satisfies the q 
Log-Sobolev inequality, then it also satisfies the q Spectral Gap inequality, that is 



for some constant C . 

Recently a lot of attention has been focused on inequalities that interpolate 
between the Log-Sobolev inequality and the Spectral Gap inequality (both in the 
classical sense of q — 2). For a detailed account of these developments one can look 
on [G-G-Ml] and [B-R2]. A first example of an inequality interpolating between 
the Log-Sobolev and the Spectral Gap was introduced by [Be] and then studied 
by [L-O] and [B-Rl]. In this paper we are interested in the Modified Log-Sobolev 
inequality introduced by [G-G-Ml], (see also [G-G-M2] and [B-R2]). Before we 
give the definition of the inequality we first present some definitions. A function 
$ : R — > [0, oo) is called a Young function if it is convex, even, $(0) = and 
lim^oo = +oo. We define the conjugate function $* to be the Legendre 
transform of $, 3>*(y) = sup x>0 {x\y\ — $(x)}. Furthermore, a young function $ 
is called nice if lim^oo ^1 — OG) $(x) = -<=>- x = and $'(0) = 0. One 
can consider the following example of a nice Young function, $(x) = ^y- with the 
conjugate being $*(x) = — where p > 1 and - + - = 1. Given a nice Young 



Ent tl {\f\«)<Cu\Vf\ q 



(LSq) 




v\f-nf\ q <C'^\Vf\ q (SGq) 
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function $ : R — > M + we can define the modification of H§ of $ to be 

j x 2 if |x| < 1 
if |z| > 1 

The definition of the MLS(iJ$) inequality follows. 

The Modified Log-Sobolev Inequality on K n . We say that the measure v on W 1 
satisfies the Modified Log-Sobolev Inequality if there exists a positive constant 
Cmls such that for any function / G C°° the following holds 

v\f\Hog^ 2 < C MLS J H* i^f) f 2 d» (MLS(Hz)) 

The following remark summarises some of the main properties of the Modified 
Logarithmic Sobolev inequalities and (LSq) inequalities. 

Remark 1.1. (i) (MLS), (LSq) and (SGq) are stable under tensorisation: Sup- 
pose /ii and /i2 satisfy (MLS) /(LSq) /(SGq) inequalities with constants c\ and 
C2 respectively. Then /ii <g> /z 2 satisfies an (MLS) / (LSq) / (SGq) inequality with 
constant max{ci,C2}. 

(ii) (MLS)/(LS2) (SG2): Suppose fi satisfies an (MLS)/(LS2) inequality 
with constant c. Then fi satisfies a 5*^2 inequality with constant c < | i.e. 

^|/-/i/| 2 <c /i(|V/| 2 ) 

for all smooth /. 

The proof of the remark can be found in [A-B-C]. 

Concentration of Measure Phenomenon. An important future of Sobolev 
type inequalities is their relationship with concentration of measure properties. 
The concentration inequality was first investigated in [Tl] and [T2], as well as in 
[B-Ll], while the case of the Log-Sobolev q inequalities was investigated in [B-L2] 
and [B-Z]. 

Consider a measure u on M. n that satisfies the (LSq) or (MLS(if$)) inequality. 
Then for every Lipschitz function on K with < 1, for some constant K and 

any r > 

a(F - uF>r)< e~ KE{r) 

q 

with E(r) = r <Fi in the case where a satisfies the (LSq) inequality (see [B-L2] and 
[B-Z]), as well as the (MLS-H^i?) inequality (see [G-G-Ml]). When u satisfies an 
(MLS(^*)) inequality E(r) = ru* H (r) (see [B-R2]). 

In particular, concerning the Modified Log-Sobolev inequality MLS(i/$) for 
the product measure on M. n and its relationship with concentration of measure, in 
[B-R2] the following theorem was shown 
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Theorem 1.2. [B-R2J Let /j, be a probability measure on R, which we assume to 
be absolutely continuous with respect to Lebesgue's measure. Let H : R — > R + be 
an even convex function, with H(0) = 0. Assume that x — > is non- decreasing 
for x > and that H* is strictly convex. If /i satisfies an MLS(H) with constant 
k, then for every Borel set A dW 1 with fi n (A) > ^ 

1 - n n + ja: : ^ H*{x x ) < r J j < e~ Kr Vr > (1.1) 

where K = u H {2)kuj* H {^ m ). 

As a consequence, the following Talagrand type inequality was then obtained 

fi n (a + ^B 2 + -^—B^) > 1 - e~ Cr (1.2) 

where we denote _B$* := {x : Y27=i ®*( x i) < !}■ 

Infinite dimensional analysis. An interesting question is to determine 
conditions so that the infinite dimensional Gibbs measure satisfies the Log-Sobolev 
inequality. In the case where the interactions are quadratic this problem has been 
extensively studied in the case q = 2, for example in [Ba], [B-E], [B-H], [G-Z], [L], 
[O-R], [Zl] and [Z2]. The case 1 < q < 2 was looked at in [I-P], while the case of 
the Spectral Gap inequality was addressed in [G-R]. 

The Infinite Dimensional Setting: We consider the d-dimensional Lattice Z d for 
some d G N. For any subset A we denote |A| the cardinality of A. When |A| < +oo, 
we will write A CC Z d . We consider continuous unbounded random variables in R, 
representing spins or particles. Our configuration space is Q = R z . For any u G Q 
and A CC Z d we denote u = (ojj)j GZ d, cja = (^i)itA and wa c = (^i)ieA c where 
oji G R. When A = {i} we will write Ui := u^y. We consider integrable functions 
/ that depend on a finite set of variables (x i )s / for finite subset Sj CC Z d . For 
any subset A CC Z d we define the probability measure 



E^(dX A ) = " AA (1.3) 



where 

• X A = (xi) ieA , dX A = l\ ieA dxi and Z A ^ = J e~ Hh '"dX A 

• i ~ j means that the nodes % and j on 7L d are neighbours 

• H A ' U = Y.ieA^i) + Y^ieA,j~i J ij V ( x i> z j)> for J ij constants and V G C c 
and 



4 



Xj ,jeA 
Uj , j £ A 



We call <j) the phase and V the potential of the interaction. We assume that 
\J%,j\ G [0, J ] for some positive J . When A = {i} we will also write E*' w := E^' w . 
Furthermore, we denote {~ i} := {j G Z d : j ~ z}, while for any A C Z d , 
~ A := {j G Z d \ A : j ~ % for some j G A}. We will denote 

E A '^/ = / /c/E A - w (X A ) 



The Gibbs measure \x for the local specification {E A,w } AccZ d wgn is defined as the 
probability measure which solves the DLR equation 

/iE A/ <7 = IMf 

for all finite sets A CC Z rf and bounded measurable functions / on Q (see [Pr]). 
For criterions on the existence and uniqueness of the Gibbs measure one can look 
at [D] and [B-HK]. For any subset AcZ d and V; = we define the gradient 

|V A /| 9 = ^|VJf for qe (1,2] 
and the higher dimensional analogue of the function H$ as 

*(¥)-£*(¥ 

When A = Z d we will simply write V := V^j. For this setting the analogues of the 
Modified Logarithmic Sobolev and Spectral Gap inequalities can be defined. In 
[I-P] concerning the (LSq) q G (1,2] inequality for the infinite dimensional Gibbs 
measure the following theorem was shown. 

Theorem 1.3. ([I-P]) Suppose that the local specification {E A,a; } AccZ d jtJ6 ^ as in 
II 1. Sty has interactions V such that \\ViVjV(xi,Xj)\\ < oo and EW ,W satisfies an 
(LSq) inequality for some positive constant, uniformly on the boundary conditions 
w C 11. Then, for sufficiently small Jq, the corresponding infinite dimensional 
Gibbs measure \x is unique and satisfies an (LSq) inequality. 

Furthermore, from [B-Z], for every / : Q — > K such that || |V/| 9 ||oo < 1 the 
following concentration property holds 



> r > < 2 exp 



(g- 1) 

cp- 



p 



for all r > 0, where - + - = 1 and C > 0. 

' P q 
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2 Modified LS and Concentration for the Gibbs 



measure. 

In the previous section we discussed the importance of the Modified Log-Sobolev 
inequalities as interpolation inequalities between the Log-Sobolev and the Spec- 
tral Gap inequalities. Furthermore, we saw how the different types of Sobolev 
inequalities are related to concentration of measure properties and the Talagrand 
inequalities. 

At the end we discussed how the (LS) inequality in the case of quadratic inter- 
actions can be extended from the one dimension to the infinite dimensional Gibbs 
measure, which then implies the analogous concentration properties. 

The question that arises is whether similar results for the infinite dimensional 
Gibbs measure can be obtained in the case of the Modified Log-Sobolev inequality. 
If the Modified Log-Sobolev inequality is proven to be true for the infinite Gibbs 
measure then automatically the appropriate concentration of measure properties 
will follow. 

Although, a result similar with the one obtained for the (LS) in [I-P] would 
had been desirable, it appears that the methodology followed to obtain the q Log- 
Sobolev inequality for the Gibbs measure in [I-P] when interactions are quadratic 
cannot be applied directly in the case of the Modified Log-Sobolev inequality. 
If this was the case, then we could obtain as a byproduct the concentration of 
measure as well. However, although the inequality itself cannot be shown for the 
infinite dimensional Gibbs measure, the weaker concentration property for the 
Gibbs measure can be directly obtained as shown on the Theorem 12.11 In this 
way, we show that the result of [B-R2] for the product measure holds also for the 
infinite dimensional Gibbs measure. We will work with the following hypotheses: 

(HO): The interaction V is such that || ViS/jV(xi, Xj)\\ < oo. 

(HI): The one dimensional single site measures K %,UJ satisfy (MLS(H<^)) inequality 
with a constant c which is independent of the boundary conditions oo. 

(H2): ^2 is non- decreasing on (0, +oo) and there exists a t > 2 such that 
is non-increasing on (0, +oo). 

The main result follows. 

Theorem 2.1. Assume the local specification {E A '' J }Accz d ,wen o,s in M.3) is such 
that (HO), (HI) and (H2) hold. Then, for sufficiently small Jo, the corresponding 
infinite dimensional Gibbs measure fi is unique and there exists an R > such 



6 



that for every Borel set A C fl with n(A) > \ 

1 - n ^A + fx : ^ H l( x i) < r j^j < e ~^ r > /° r ewer ?/ r > R (2.1) 

/or any iVcc Z rf and some if > 0. 

As a consequence of this, the analogue of the (jl.2p Talagrand type inequality 
follows (see [B-R2]). 

Corollary 2.2. Assume that the local specification {K A ' UJ }\ C cz d ,Ljen ° s M.3\) is 
such that (HO), (HI) and (H2) hold. Then, for sufficiently small Jq, the corre- 
sponding infinite dimensional Gibbs measure \x is unique and there exists an R> 
such that for every Borel set A C fl with (i(A) > |, 

// ( A + V^B 2 + -J—B**) > 1 - e~ Cr 

V ^(-) / 

/or r > R and C > . 

We will frequently write if := Hq>. Define the sets A = {0} and =~ Afc_i = 
{j G Z d s.t. j ~ % for i G Afc_i}. The cardinality of the sets is |A fc | < (2d) fc . We 
also define 

T = U fc cvcn A fc = U{j G Z d : <iist(j, (0, 0)) = 2m for some m G N U {0}}, 
Ti = Ufc oddAfc = 7L d \ T 

Note that dist(i,j) > 1 for all i,j G A fc ,/c G N and r n I\ = 0. Moreover 
Z d = T U T 1 . For the sake of notation, we will write E Afc = E Afc ' w for k G N. We 
will define 

for < s < n. 

Lemma 2.3. Assume that the local specification {E A ' w } AccZ d itJg Q as in U.3\) is 
such that (HO), (HI) and (H2) hold. Then, for sufficiently small Jq, for any 
measurable function G and f : M. N — > R, for N CC Z d , we have 

» (H(V Ak+1 (B k > s f))G) < C k 2 ' s C lf i [Y^Hiyj) (E A *...E A *G) 

\ieN 

for any k > s G N such that N C A s _i U A s and constants C\ > and < C 2 < 1. 



7 



Proof. Using properties of the Gibbs measure for fceNwe can write 
fi (tf (V Afc+1 E A */)G) = fi {H(V Ak+1 E A *f)E A *G) 

In order to bound the last quantity we will use the following corollary. 

Corollary 2.4. Assume that the local specification {E A,a; }Accz<Ven satisfies (HO), 
(H2) and (H1)/(H3). Then, for sufficiently small Jo, there exist constants D > 
and < rj < 1 such that the following bound holds 

H(V Ak+l E A *f)<D ® { ~ i}nAk H(Vif) +r)J2J2 Ei ~ j}nAkH ( Vi f) 

for all functions f G C°° . 

The proof of this corollary will be presented in section SJ This will give 

fi (H(V Ak+1 E A ^f)G) <D ^ ME W}nAfe #(VJ)E A ^) 

+ r lJ2J2 K^ j}nAk H(Vif)E Ak G) 
<D ^ ^ (if (V,/)E Afc G) +2dr 1 Y,^{H{V i m Ak G) 

(2.2) 

If we apply (12.21) k — s times we will obtain 

fi(H(V Ak+1 B k > s f)G) <{2dr i ) k -'- 1 D £ // (^(VJ) (E A *...E A *G)) 

ieA s _i 

+ (2drj) k ~ s V ( H (Vif) (E As ...E Afc G)) 

iGA s 



--Ct s C!fi [J2 H (Vif) (E As ...E Afc G) 



k-s-1 



for constants C\ = D + 2drj and = (2drj) k - s < 1 for sufficiently small Jo- □ 
For a convex function if : [0, +oo) — y M + define 

uj h (x) = sup , X > 

The following remark presents some useful properties for ojh- 



Remark 2.5. It can be shown that ujh > and u)h(0) = as well as that loh 
is convex and satisfies ujn(ab) < ujh{oj)ujh{P) for a,b > 0. Furthermore, if ^ is 
non decreasing for x > and r > 1 then so is the function 

Lemma 2.6. Assume that the local specification {E A ' w }A C cz d ,wen i> s such that 
(HO), (HI) and (H2) hold. Then, for sufficiently small Jo, for every F : M. N — > R, 
for N CC Z d ; such that J2ieN H{ViF) < a ji—a.e, there exist constants C\ > 
and < C 2 < 1 such that 

A* ( EAfc+1 ^M F ^V. +1 (e AgMF )) < acuH^dCf 
for any fc>seN sitc/i t/iai iV C A s _! U A s and A > 0. 

Proof. Since interactions occur only between nearest neighbours on the lattice, the 
measure E Afe + 1,tJ is the product measure of the single site measures i.e. ~E Ak+1,w = 
® igAfc+1 E J> . Moreover, by (HI), all measures E J> , j e A fc +i satisfy the (MLS(H^)) 
inequality with a constant c uniformly on the boundary conditions. Since the 
(MLS(H^)) inequality is stable under tensorisation (see Remark [LT]) . the product 
measure K Ak+1,UJ also satisfies the (MLS(H$)) inequality with the same constant 
c, therefore we have that 



E Afc+1 \ f\ 2 log — — — o < c I y H(^)fdE 
y E^\ff- J V / J J 



A i 



Denote h = B k,s F. If we plug f := — — — r we obtain 

Ent E A h+1 (e Xh ) _ f ^ „/A_,\ e Xh 



E A fc+ie A/l 



< c [ Y H ( -Wjh) — —dE Ak+1 
A f p Xh 



jGA fc+1 

If we apply the Gibbs measure in the last inequality we get 
t 1 ( r=m T-rEnt^Au,, (e A/r 



a r p xh 

J jGAfc+l 
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In order to calculate the right hand side we can use Lemma 12.31 This leads to 
Since ^2 i&N H(WiF) < a \i— a.e. we obtain 

= acuH^dCt* 

where above we used successively the definition of the Gibbs measure. 
Lemma 2.7. For every function f for which the inequality 

holds for constants Kf depending on f we obtain that 

fi (E Afc ({/ — E Afc / > r})) < e' KfUJ * H( ^ ] 
for any r > and A > 0. 

Proof. If we define ^(A) = E Afe e A ^ then we can write 

" {w^ Ent ^ e ^) = " - log * (A) ) 

Hence, due to (j2.3p we have 

A*(^^-log*(A)) <u H (±)K f 
10 



( d pog¥(A) ^ < UH&Kf 



If we divide by A 2 

^ {d\ v a y j - a 

Since lim^o log ^^ = E Afc / by integrating we get 

H (| e x ^- EAk ^dE A ^ < exp { JC>A jf * 
By Chebichev inequality for any r > and any A > we obtain 
E a* ({/ _ E Ak f > r}) < e- rA y e A(/ " EAfc/) rfE Afc 
If we combine together the last two inequalities we finally get 
fx (E A * ({/ - E A *f > r})) < exp (-K /S up - A / 

I A>0 L K / -/o 



Since is non-decreasing on (0, +oo) we have that (see [B-R2]) 



from which the result follows. □ 

From Lemma [2.61 and Lemma [2.71 the corollary bellow follows. 

Corollary 2.8. Assume that the local specification {E A ' i * ; }^ ccZ d A , gn is such that 
(HO), (HI) and (H2) hold. Then, for sufficiently small Jq, we have that for every 
F : R N -> K, /or iV CC Z d ; such that EieTV #( V i F ) < a l*-a.e, there exist 
constants C\ > and < C 2 < 1 swca that 

(E fe+1 - B k+1 ' S F > r})) < e » c i c 2 

/or every r > and /or any fc>sGN such that N C A s _i U A s . 

Before we continue some useful facts about Orlicz spaces will be presented in 
the following two lemmas. These are more detailed presented in [B-R2], while for 
a thorough investigation one can look at [R-R] . 

Lemma 2.9. Let a G (1, +oo) and $ be a differentiable, strictly convex nice Young 
function. Then the following are equivalent 



1. The function -% is non- decreasing for x > 0. 
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2. The function is non-increasing for x > 0. 
where a* is the conjugate of a, i.e. - + — = 1. 

Lemma 2.10. Let a G (1, +oo) and $ be a differentiable function on [0, +oo) such 
that is non- decreasing. Then for x > and t E (0,1] 

$(tx) < t a $(x) 

Now we can show the main concentration inequality for the infinite dimensional 
Gibbs measure. 

Proposition 2.11. Assume that the local specification {E A ' w }Accz d ,ajen such 
that (HO), (HI) and (H2). Then for Jq small enough, we have that for every 
F : R N — > R, for N CC Z d , with J2ieN H (^i F ) < a f*-a.e. the following holds 

, , , _ . acC , ,* ( It \ 

fj, ({F - n(F) > r}) < e~— 

for every Jo,a,r such that ^ 2t *Jt*-i j > k + 1 and acCu* H {^j > 8 In 2 and 
constants C\ > 0, < Ci < 1 and C = 22t *^ t *-i f or t* the conjugate oft, where t 
is as in (H2). 

Proof, for any s G N such that N C A s _! U A s , we can write 

n 

F — fiF = F — B S ' S F + ^(B k+S > S F - B k+S+1 ' S F) + B s+1+n ' s F - fiF 

k=0 

for any n > 1. The following lemma will allow us to take the limit of n to infinity. 

Lemma 2.12. Suppose the local specification {E A ' w }Accz d ,weft ^ s such that (HO) 
and (H1)/(H3) and that Jq is sufficiently small. Then, for any f : R N — >■ R, 
for N CC Z d , we have that B n ' s f converges /j,- almost everywhere to [if , where 
s G [0, n] such that N CC A s _i U A s . In particular, \x is unique. 

The proof of this lemma will be presented in section HI Since from Lemma \2. 121 
we have that \im. n _ f00 B 1l,s F = fiF \x— a.e., taking the limit above leads to 

oo 

F — fiF = F — B S ' S F + ^{B k+S > S F - B k+S+1 ' S F) 

k=0 

/i— a.e. Therefore we have 

{F-fiF < r} D |F - B S > S F < ^} n {n£° =0 {£ fc+s ' s F - B k+S+1 ' S F < 
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[i— a.e., which leads to 

I* ({F - /i(F) > r}) <n ({F - > T -) 



£ /i ({B k+S > S F - > -^}) (2.4) 



k=0 



Since ^ ig7V H(ViF) < a /i— a.e. we can use Proposition 26 from [B-R2] to bound 
the first term and Corollary 12.81 to bound the second term on the right hand side 
of ([221). Thi s leads to 

H {{F — n(F) > r}) < e — -«(&) + ^ ~^c\^ H ( 2k+2 2 J cCiC ,) ^ 



k=0 



Since from hypothesis (H2) there exists a t > 2 such that is non-increasing 

on (0, +oo), from Lemma [2.91 for t* > 1 the dual of t, we have that H ^ is non- 
decreasing. Then, if we combine Remark 12.51 together with Lemma \2. 101 we obtain 
that for any 9 > 1 and x > we have that u* H (6x) > O^u^x). This gives the 
following bounds 

e" ac ^(2^) < e -3f w Hl«J (2.6) 

and 



Since C*2 can be as small as possible for small enough Jo, if we choose Jo small 

enough so that ( -pr^—i j > k+1 for all k G N and a, r such that 22t *°^ t * -i ^h (^) — 
2 In 2 we then get 

— 2 fc+1 ' 

If we plug ( I2.6P and 02. 7p in f!2.5p . for r large enough such that ^^f-i ^H {^) > 
4 In 2 we finally obtain 

OO ac ^ / 2r \ -i 

/i ({F - /i(F) > r}) <e 2** "W+^e c i ^+1 

fc=0 

ac « (Sir") 



□ 
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We can now prove Theorem 12. 11 

Proof of Theorem \2.1i The proof follows directly from Theorem 26 and 27 of 
[B-R2] and Proposition EUTJ Let icfl with fi(A) > \ and define 

F A (x) = inf YH*( Xi -Zi) 

for x = (xi)ieN- It is shown in Theorem 27 of [B-R2] that for the function F = 
min(F4, r) for r > one has that 

Y J H{V l F)<uj H {2)r (2.8) 

i£N 

fi—a.e. If we choose Jo sufficiently small such that I ) > k + 1 for all k E N 

and a = cuff(2)r then from Proposition 12. 1 1 1 we obtain that 



/it ^{F — /i(F) > -}J < e 2 ^hV^^; (2.9) 

for every r > R = {ujh{^)Cuj* h ^ h ( 2 )c )) 16 In 2. The rest of the proof follows 

[B-R2]. Since F A = on A we get / ({F > r}) < r(l - fj,(A)) < §, which implies 
that {F > r} C {F — //(F) > |}. This together with inequality ( 12. 9 p gives 



/i ({i 71 > r}) < /i ({F - //(F) < ^}) < e"^ 
Then the result follows from the following observation 



(2)C 



{F <r} = {F A <r} C A + <x H *( x i) < r \ 

I ieN J 



□ 



3 A Perturbation Result for the Log-Sobolev In- 
equality. 

In Theorem 12.11 it was discussed how concentration properties can be obtained for 
the infinite dimensional Gibbs measure under the main hypothesis that the one site 
measure E*'^ satisfied a Modified Log-Sobolev inequality with a constant uniformly 
with respect to the boundary conditions u. In this section we are concerned with 
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the stronger Log-Sobolev inequality but we relax the (HI) hypothesis to one about 
the boundary free measure 



e~^ x ^dx- 

u(dxi) = — ,, , / (3.1) 

In this way a perturbation result is going to be shown for non log-concave measures 
for which [B-E] and [B-H] cannot be applied. As a matter of fact, we will show 
that having relaxed the hypothesis (HI), the Gibbs measure satisfies concentration 
properties similar to the ones that are true in the case of the Modified Log-Sobolev 
inequality instead of the usual concentration properties that are associated with 
the Log-Sobolev inequality. 

We assume that the one dimensional without interactions (boundary-free) mea- 
sure v satisfies an (LS) inequality and we determine conditions under which, the in- 
finite volume Gibbs measure associated with the local specification {E A ' w } AccZ d itje Q 
as in (II. 3p with interactions || VjVjV r (x i , Xj)||oo < oo, satisfies concentration prop- 
erties similar with the ones on Theorem 12.11 

Concerning perturbation properties related to the Spectral Gap inequality in 
infinite dimensions the following theorem due to [G-R] has been shown. 

Theorem 3.1. ([G-R]) If the measures v[dxi) = ^-t^Odx- sa ^ s fv the Spec- 
tral Gap inequality, then the local specification {E A ' tJ }Accz<ven as in il.3\) with 
interactions ||ViV i? -V(a;i,a; J -)|| 00 < oo satisfies the Spectral Gap inequality 

E A,aJ (/ - E A,aJ /) 2 < ©E^IVa/I 2 (3.2) 
with constant & uniformly in A and the boundary u. 

This result is stronger than the corresponding inequality for the Gibbs measure, 
since (I3.2p implies that the infinite dimensional Gibbs measure /i corresponding to 
the local specification {E A,w } AccZ d wen satisfies the Spectral Gap inequality 

- /i/) 2 < <viwr 

Here, although we don't eventually obtain the Log-Sobolev inequality for the infi- 
nite dimensional Gibbs measure, we show that concentration properties still hold 
true. However, these are weaker than the ones that hold for the product measure 
associated with the Log-Sobolev inequality, and similar to the ones that the Gibbs 
measure satisfies under the hypothesis (HI) of a Modified Log-Sobolev inequality 
MLS(H<$>) with $(x) = x A . We will work with the following hypotheses: 

(HO): The interaction V is such that || ViV jV(xi, Xj)^ < oo. 
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(H3): The one dimensional single site measures v{dxi) = j^p^kdfa. satisfy an (LS) 
inequality with a constant c. 

(H4): Jij > 0, V > and 3e > and K > 0: /i(£/JJ < K, where U iju = 
clogE^e 6 ^ for = 2c ^ (V^, ^-)| 2 + ^E,-~i ^fo^j)- 
The main result follows. 

Theorem 3.2. Assume the local specification {JE AA, } AccZ d >wg ^ as ^ n §HM) ^ s su °h 
that (HO) and (H4) hold and that v satisfies (H3). Then, for sufficiently small Jo, 
the corresponding infinite dimensional Gibbs measure \x is unique and there exists 
R > such that for every Borel set A C Vt with fJ,(A) > | 

1 — ri \ A + \ x : IxA 3 < r I | < e~^ r , for every r > max < R, . \ 



i&N 

7,1 



for any iVcc Z and some K > 0. 

As a consequence of this, the analogue of the (11. 2p Talagrand type inequality 
follows (see [B-R2]). 

Corollary 3.3. Assume the local specification {E A,w } AccZ d itJg Q as ^ n (E2f is such 
that (HO) and (H4) hold and that v satisfies (H3). Then, for sufficiently small Jq, 
the corresponding infinite dimensional Gibbs measure \x is unique and for every 
Borel set A C Q with fi(A) > | we have 



ix \A+V~rB 2 + — r-j-B, > 1-e 



-Cr 



|x|3 



for C > and r > max ji?, J^ 2 ) } f or ^ 071 ^ ^ 

Before the proof is presented we discuss some examples of measures that satisfy 
the hypothesis of the theorem. We are interested primarily in measures that satisfy 
hypothesis (H3), for which in addition the one site measure does not satisfy 
the Log-Sobolev inequality uniformly on the boundary conditions, because in that 
case the stronger Theorem 11.31 can be applied. Since for <j) convex or convex at 
infinity, the Log-Sobolev inequality for E*'^ can be obtained from [B-E], [B-L2] and 
[B-H], we focus on non log-concave measures that go beyond convexity at infinity. 
In [B-Z] a theorem is presented that allows to produce a variety of measures which 
satisfy the (LS) inequality but which go beyond convexity at infinity (see Theorem 
5.5 in [B-Z]). An example of such a measure is as follows 

4>{x) = x p + |x| p_1_<5 cosx 
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for p > 2 and 5 G (0, 1). In addition, since the phase 4> dominates the interactions 
(H4) also follows. 

We first state a useful corollary which comes as a direct consequence of Theorem 
13. II and Remark II. II 

Corollary 3.4. If the measures v(dxi) — j e e -^!)^ satisfy the (LS) inequality 
with a constant c, then the one site measures {E l,tJ } ieZ d iWe ^ as ^ n (COP f or which 
(HO) is true, satisfy a Spectral Gap inequality, say with constant c. 

Under the condition (H3) the following weak form of Log-Sobolev type inequal- 
ity for the one site measure ~E l,UJ can be shown. 

Lemma 3.5. If Jij > 0, V > and (H3) holds for the local specification {E A ' w } AccZ 
then for J sufficiently small, there exists an R > such that the one site measure 
E* ,aJ satisfies the following inequality 

EhUJ (f 2l °9^p) < (IV./I 2 ) + JoUnuEP {\V l f\ 2 ) 

where U LoJ = clogE^e^- for U LoJ = 2c ^ \ViV(x i} cjj)f + V(xi,u)j). 

Proof. The proof of the lemma is based on a perturbation result by [A-S]. Working 
as in [A-S], if we perturbe the hamiltonian — of the measure v{dxi) with the 
function h l = —Z^j^iJi,jV(xi,Uj), then for J sufficiently small we obtain the 
following Log-Sobolev type inequality 

Ei ' W (/ 2/ ^i^T7i) ^ -^T^ I Vjf + JoE^f logP><V^ (3.3) 

Where in the calculation of [A-S] we have also taken under account that h l is non 
positive. From [R], the following estimate of the entropy holds 

E^(|/| 2 log ^ 9 ) <A¥}^ \f - E^/f + E 4 '" 1/ - E^/f log 

E^l/I 2 1 1 1 1 E^|/-E^/| 2 

for some positive constant A. If we use ( 13. 3 p to bound the second term on the 
right hand side of the last inequality we will obtain 

El,UJ (f 2l °9^p) ~7^f ,W |Vi/|2 + ( J ologE^e^- + A) E^ |/ - E^/| 2 

We can bound the last term on the right hand side with the use of the Spectral 
Gap inequality from Corollary 13.41 This gives 



EhUJ (f l °9^Jp) < [j^J o + cA) E^ [Vi/r + 6J log E*'<V^E^ |V*./t 
and the lemma follows for appropriate constant R. □ 
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Lemma 3.6. Assume that the local specification {& A ' UJ }Accz d ,Luen such that 
(HO), (H3) and (H4) hold. Then, for sufficiently small Jo, for every F : W N — > WL, 
for N CC Z d , such that ^2 ieN |VjF| 4 < a fi—a.e, there exist constants M > and 
< C 3 < 1 such that 

» ( E A fc+1 ^ g ^, ^V fe+1 (e Agfc ^)) < aM g)V 

for any a such that a > \N\ \i a.e. and for A > and k > s £ N such that 
N CC A s „iUA s . 

Proof. Since interactions occur only between nearest neighbours on the lattice, the 
measure E Afe+1 is the product measure of the single site measures i.e. E Afc+1 -" = 
®jeA fe+ i bJ ^ ,UJ - The following product rule holds for the entropy of product measures 

f 2 f 2 
E A fe+i' w f 2 ^ E^f 2 

i£A k + 1 

(see [A-B-C]). If we use the (LS) type inequality shown in Lemma 1X51 we obtain 

E A fc+1) a,/ og _L ) V" E A k+1 ^ E iV | V J|2 

ieA fc+1 

+ j EAk+1,lv iv,/i 2 ) 

ieA k+1 

x h 

Denote h = B k ' s F for k > s. If we plug f := — — — r we get 

. 1 - Ent v A k+1 (e Xh ) <r(-) V E Afc +^E^ f I V,/i| 2 ^ 

i£A/j;_[_l 

{~ {... ~ {~ j}} 

One should notice that for every j : dist(j, N) > k — swe have s v ' D 

k — s times 

iV = 0. As a consequence, concerning the quantity |Vj/i| 2 = |Vj(S fc,s F)| 2 = 
|Vi(E Afe ...E As F)| 2 for % e Afe+i and F with variables on N CC A s _i U A s , from 
Lemma [3.71 and 1231 we obtain that |Vj-/i| = for every j : dist(j, N) > k — s. As 
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a consequence, if we define the set Nk- S := {j G 7L d : dist(j, N) < k — s} we can 
write 

i / \ \ 2 / „A/i 



—. -Ent w A k+1 (e An ) < 



\ / icA, ..nA7. V / 



ieA fc+1 n7V fe _ 

2 



v 7 ieA fc+1 ruv fc _ s v v 7 7 

If we apply the Gibbs measure in the last inequality we obtain 

2 r \h 



[ =rr TT-Ent v A k+1 (e Xh )du < R ( V / V,/i =r rrd/i 

J v 7 iGA fc+ inAf fe _ s J 

+ J °(ff E / K - E ""(i v ."i 2 ix^)* 

\ / icA, , ,n/V, \ / 



ieA fe+1 rw fe _ s 
A\ 2 , /A x 2 



:=i2 ( - ) Ii + Jo ( ^ ) ^ (3.4) 



For the first term on the right hand side of (13.41) we can use Lemma 12.31 This 
leads to 

—))d 

ieN 



h <Ct s C! I J2\ViF\ 2 (E As ...E Afc ( 



Since J2i&N < a A*— a.e. as well as \N\ < a we obtain 

h < Ct s C ia J E A *...E A -E A * ( 1X ^) dA* 

= C^da (3.5) 

For the second term on the right hand side of (13. 4p . since C/j )£J = clogE'^e 6 ^'" is 
a function that does not depend on the variable i, we have 

. , f / p A/i 

h 



E /^"(^ea^)^ 



iGA fc+1 nV fc 



,Ah 



= £ /^ Vi (/0| 2 p^^ (3.6) 

ieA fc+1 rW fc _ a J 

In order to bound the last term we will use the following lemma. 
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Lemma 3.7. If the local specification {E, A ' UJ }Accz d ,uen is such that (HO) and 
(H1)/(H3) is true, then, for sufficiently small Jq, there exists a constant rj G (0, 1) 
such that for every i G Ak+i 



|V,(E Afc /)| 2 < 2E^> nAfc \VJ\ 2 + v E^ nA * |V WnAfc /| 



for k G N. 



The proof of Lemma 13.71 will be presented in section 4. We can calculate the 
gradient on the right hand side of (I3.6P by applying the lemma k — s times. For 
i G Afc+i we get 



\Vi(h)\ z = \Vi(B k ' s F)\ <27] k - s - 1 E l E^m...m- 

Ji—S Tpi 7" 



V {^l- s - 2 KiA s -in^ 



V {^l_ s _ 1 }nA s n7V^ 



+ rf- s E l E^E 3 \..E^ 
where we define E l f := E^~^ nAfe 2~^j 4 e{~i}nA fe / anc ^ f° r ever y m = 2, k — s 

If we denote E\_ s := E i E^E^...E i ^-, (J3JD becomes 



h <2 V M Yl f 



ieA fc+1 rW fc _ 



V {^l_ s _ 2 }nA fl _ in 7V^ 



2 e ^ h 



-»'- E 

ieA fe+1 rw fe _ 

1^2 i U2\ 



Ui^E % k _ 



V {~Jl_ s _ 1 }nA s nJV^ 



2 e ^ h 



E A fe+le Ah 

dfi 



dfi 



E A fc+le Aft 



Since ab < ^(a + b ) the last can be bounded be 



k-s-l i ^ 



k—s 



E 



ieA fc+1 rw fe _ 



,A/i 



»." E A fc+le Ah 



ieA k+1 nN k . 



E. 



k—s 



,Ah 



E A fc+1 gAh 



dfi 




20 



For the first term of f l3.T|) . since Uf u for i e Afc + i does not depend on the variables 
3 e A fc+i 



Xh \ / ^Xh 



E Afe+1 I £/?,.,— I = Ul„E Ak+1 =i rr = U? 



This leads to 

hi= KUlJ<K(2d) k - s \N\<K(2d) k - s a (3.8) 

iGA fc+ inAf fe _ s 

where above we used the bound from hypothesis (H4) and that \N\ < a. For the 
second term on the right hand side of (13.71) . we have 



I 22 <(2 2d ) k s /^-| V {^l„ s _ 2 }nA 2 nv^| Xh ) 

ieA k+1 nN k _ s J 

<(2 2d 2d) k ~ s Y^ J |ViF| 4 E Aa ...E Afc 



^A k +i e Xh 

Since J2ieN \^i^\ 4 — a Z 1- a - e - we obtain 

J 22 < a(2«2d)*-y E A *...E A * (p^) d„ 

= a{2 2d 2d) k ~ s (3.9) 
If we work with the same way for the third term we get 

J 23 < a{2 2d 2d) k - s (3.10) 
If we plug (ESI), flMD and fl3TTU|) in (JUT} we have 

k—s 

h < {v k ~ s ~ l + 1 ^-)(K(2d) k ~ s + (2 2d 2d) fc -> (3.11) 
If we combine together ( 13. jj) , ( 13. 5 p and (13. lip we finally obtain 

2 



+ Jo fa* - * -1 + ^)(/i"(2d) fe " s + (2 2d 2d) fc ~> 

The lemma follows for appropriate constant M > and C3 < 1, since 77 and C 2 
can be as small as we like for sufficiently small Jo- □ 

The rest of the proof of Theorem 13.21 follows like the proof of Theorem 12.11 in 
the previous section. With the use of Lemma 12.71 and Lemma 13.61 the proof of the 

theorem follows for r > R = (u H (2)Cu* H (tj^)) 8 In 2 and a = u H {2)r > \N\ 

for H(x) = x 4 . 
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4 Proof of Convergence and Sweeping Out Re- 
lations. 



In this section the sweeping out relations of Lemma 13.71 and Corollary 12.41 are 
presented, together with the convergence of B n f ji— a.e. to the Gibbs measure \x. 



Proof of Lemma 3.7 . For any k G N and % G A^+i we can write 

|Vi(E A */)f < |V,(E^> nA ^/)| 2 

Since the integration in the probability measure is over {~ 

i} fl Afc = {j G Afc : j ~ i} while z G {~ {{~ i} D A*,.}}, the variable Xi appears in 
the boundary conditions of the integral E { 1 nA fc> a '. So, we obtain 

,W>nA fe J J e "A{^}nA fc 



ViE 1 J *- w /=V 



E ( ~ !lnAt ' w (Vt/) + E W}nAfe '" /(-Vi^-*^'") 
- E { ~° nAfc .-/E { ~ i}nAfc ' w (- ViH^ nA ^) 
E MnAfc '-(V i /)+E MnAfc -/(- £ ./, ; V,l •(,-,,,•)) 



ie{~i}nA fe 

{~i}nA fc {~i}nA fe 



je{~j}nA fc 

<E MnAfc '- (V,/) + J E MnAfc '- (|/ - E^> nA V||^|) (4.1) 

where above we have denoted 

Wi= ViV(xi,Xj) and Id = W i -E^ nAk W i (4.2) 

je{~i}nA fc 

Hence, for any % G Afc +1 from (14. ip we get that 

|Vi(E Afc /)| 2 < 2 |E^ nAfc V,/| 2 + 2J 2 |E^ nAfe (/ - E^ nAk f)Ui\ 2 

< 2E { ~ l}nAk \Vif\ 2 + 2J 2 E { ~ i}nAfc | / - E { ~ i}nAfc /| 2 E { ~ i}nAfc lUil 2 (4.3) 

using Holder's inequality. Since interactions occur only between nearest neighbours 
in the lattice, we have that no interactions occur between points of the set {~ i} = 
{j '■ j ~ i}, which consists only of the 2d points in Z d that are nearest neighbours of 
the point i (notice that: i {~ i}). In the case of (HI), since the measure E^ 1 ^ 
is the product measure of single site measures i.e. M^^ nAk ' w = ^j^^nA^'" , 
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because of hypothesis (HI) and Remark 1 1.1 1 we conclude that the product measure 
also satisfies the (MLS(H*)) inequality with the same constant c. By 
Remark II. 1[ it then follows that E^~^ nAfc ' w satisfies the Spectral Gap inequality 
with constant c$ = |. In the case of (H3), from Corollary 13.41 and Remark 1 1.1 1 the 
same follows for a constant c, s.t. Co < c. Hence we have 

E W}nA fc | f _ E W}nA fc/ | 2 < fiE {~i}nA, ^ ^^j^ ^ 

If we use the Spectral Gap inequality again for the product measure E^~^ nAfc we 
get 

E W}nA fc | W .|2 =E W}nA fc _ E W}nA feW .|2 < g ^ E {~i}nA, | Vj ^| 2 

je{~»}nA fc 

<c £ E ( ~ ,}nAfe iVyVi^z^Xj-)! 2 < 2dcM 2 (4.5) 

je{~i}nA fc 

where M = || V{V jV(xi, Uj) ||oo < oo ( by hypothesis (HO) ). If we combine (14. 3p . 
(1Q|) and (jSD we obtain 

|V 4 (E Afc /)| 2 < 2E^ nAfc |V.J| 2 + 2c2dcM 2 J 2 E^' i > nAfe |V W}n Aj| 2 (4.6) 

Therefore, choosing Jo sufficiently small so that r) = IcIdcM 2 J5 2 < 1, the lemma 
follows. □ 

Proof of Corollary \2-4[ For any k G N we can write 

|V Afc+1 (E A */)f = £ |V,(E A ^)| 2 < £ |V,(E^ nA ^)| 2 

If we use Lemma 13.71 we then obtain 

|V Afc+1 (E A ^)f <2 J2 E{-> nA *|V i /| 2 + 7 7 £ E^> nA * |V W}nAfc /| 2 
ieA fc+ i «eA fe+1 

<2 £ E^ nAfc \Vif\ 2 + r]J2J2 E ^ j}nAk l V ^! 2 ^ 4 - 7 ) 

ieA fc+1 ieA fe 

where 77 < 1, for Jo sufficiently small. For H as in (H2) the Corollary follows for 
appropriate constants D and 77 < 1 for Jo sufficiently small. □ 

Proof of Lemma \2.12i Following [G-Z] (see also [Pa]) we will show that in 
L x (n) we have lim n ^ 00 B n ' s f = {if for any / : R N -»■ E, with iV CC A s _i U A s . 
For fceNwe have that 

2 



-A, 



^|E"*7 - E"** 1 !^/! 2 = /iE An+1 |E A '7-E An+1 E A, 7| 2 < cy, V An+1 (E iln /) (4.8) 
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The last inequality due to the fact that the measures E ™ +1 satisfy the Spectral Gap 
inequality with constants independently of the boundary conditions, as explained 
in the proof of Lemma 13.71 If we use relationship ( 14. 7p we get 

^|E A "J - E A " +1 E A <7| 2 < ^|V An+1 /| 2 + cC^\V A J\ 2 
where C4 = 2dr]. From the last inequality we obtain that for any n e N, 

= cC^\V An+s (B n ~ 1+s ' s f)\ 2 
If we use relationship (14.71) to bound the last expression we have the following 

v\B n+s+1 ' s f ~ B n+S ' s f\ 2 < cCT 1 fa I V Wl /| 2 + C> I V An+3 /| 2 ) (4.9) 
If we define the sets A n = {\B n+s ' s f - B n+s+1 f\ > (|) n } we obtain 

fi(An) = n (^{\B n+s ' s f - B n+s+1 < s f \ > (i) n }^) < 2 2 y\B n+s ' s f - B n+s+1 ' s f\ 2 

by Chebyshev inequality. If we use (14. 9p to bound the last inequality we have 

K A n) < ^ C *n (2lM |v An+a+1 /| 2 + Cum I v An+ j| 2 ) 

We can choose Jo sufficiently small such that 4C*4 < | in which case we get that 
00 / 00 \ 

£ MA.) < c e ( 2 ^ l V ri/| 2 + W l V ro/| 2 ) < 00 

n=0 \n=0 / 4 

From the Borel-Cantelli lemma, only finite number of the sets A n can occur, which 
implies that the sequence {B n ' s f} ne ^ is a Cauchy sequence and that it converges 
fi— almost surely. Say 

B n - S f^6(f) /i-a.e. 

We will first show that 6(f) is a constant, i.e. it does not depend on variables on 
To or T\. To show that, first notice that B n,s (f) is a function on Ti and To when 
n is even and odd respectively, which implies that the limits 

e o (f) = lim B n ' s f and e {f) = lim B n ' s f 

n odd, n— »oo n even,n— »oo 

do not depend on variables on To and Ti respectively. Since both the subsequences 
{B n ' s f} n even and {B n ' s f} n dd converge to 9(f) \i— a.e. we have that 

BoU) = W = Uf) 
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which implies that 9(f) is a constant. From that we obtain that 

»(9(f)) = 9(f) (4.10) 

Since the sequence {B n ' s /} nS N converges «— a.e, the same holds for the sequence 
{B n ' s f - fxB n ' s f} neN . We have 

lim (B n > s f - ^B n ' s f) = 9(f) - p (9(f)) = 9(f) - 9(f) = (4.11) 

n— »oo 

where above we used (I4.1UI) . On the other side, we also have 

lim (B n ' s f - fiB n ' s f) = lim (B n > s f - (if) = 9(f) - /i(/) (4.12) 

n— >oo n— ^oo 

From ffl~TTD and (Q2|l we get that 

0(f) = Kf) 

We finally obtain 

lim B n,s f = fif, n a.e. 

n—>oo 

□ 

5 Conclusion 

In the present work we have investigated concentration of measure properties for 
the infinite dimensional Gibbs measure for local specifications with interactions 
with bounded second derivatives. In particular, we saw that the infinite dimen- 
sional Gibbs measure satisfies a concentration inequality similar to the one ob- 
tained recently by [B-R2] for the product measure. Furthermore, similar results 
where obtained in the case where the one site boundary-free measure satisfies a 
Log-Sobolev inequality. 

In this paper we have been concerned with local specifications that have inter- 
actions that grow slower than quadratic. Concerning the (LSq) inequality for the 
infinite dimensional Gibbs measure the problem discussed in [I-P] is also addressed 
in [Pa] for the case where the interactions are such that 

llViVjV^jja^Hoo = +oo 

It is interesting to investigate whether the concentration inequality obtained in 
Theorem 12.11 will also hold in the case of interactions that increase faster than 
quadratic as in [Pa]. 

Furthermore, one can try to prove the stronger result obtained in [I-P] for the 
Modified Log-Sobolev inequality in the case where the interactions increase slower 
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than a quadratic. That is, to show that for sufficiently small Jo, the corresponding 
infinite dimensional Gibbs measure /i satisfies the inequality 



for some positive constant C . Then the concentration inequality shown here will 
follow as a consequence. 

Concerning the perturbation result related to the Log-Sobolev inequality pre- 
sented in Section 3, it is interesting to try to extend the result to the case of {LS q ) 
inequalities with 1 < q < 2. The difficulty of this lies mainly in the fact that the 
perturbation result of [G-R] about the Spectral Gap inequality (SG2) does not 
seem to apply directly in the case of (SG q ) inequalities for 1 < q < 2. If this is 
shown then the rest of the proof will follow exactly as in the case of q = 2. In this 
case the Gibbs measure will satisfy ( 12. ip with = \x\ 2q . 
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